In this paper, following a very recent and new approach of Aizpuru et al. (Quaest. Math. 37:525-530, 2014), we further generalize a concept of α-density to that of f α -density, where f is an unbounded modulus and 0 < α ≤ 1. As a consequence, we 
Introduction and historical background
The credit of introducing the idea of statistical convergence, which is in fact a generalization of the usual notion of convergence, goes to Zygmund [] . Formally the concept of statistical convergence was introduced by Steinhaus [] and Fast [] and later reintroduced by Schoenberg [] . Statistical convergence also arises as an example of 'convergence in density' as introduced by Buck in [] .
Statistical convergence has emerged as one of the most active areas of research in summability theory after the pioneering works of Šalát [] and Fridy [] . Later on statistical convergence was further investigated from the sequence space point of view and linked with summability theory by Connor Let N denote the set of all natural numbers. The number sequence x = (x k ) is said to be statistically convergent to the number l if for each ε >  the set {k ∈ N : |x k -l| ≥ ε} has natural density zero, where the natural density of a subset K ⊂ N (see [] , Chapter ) is defined by
where |{k ≤ n : k ∈ K}| denotes the number of elements of K not exceeding n. Obviously we have d(K) =  provided that K is a finite set of positive integers. If a sequence is statistically convergent to l, then we write it as S-lim x k = l. The set of all statistically convergent sequences is denoted by S. The idea of a modulus function was structured by Nakano [] in . Following Ruckle [] and Maddox [] , we recall that a modulus f is a function from [, ∞) to [, ∞) such that (i) f (x) =  if and only if x = , (ii) f (x + y) ≤ f (x) + f (y) for x ≥ , y ≥ , (iii) f is increasing, (iv) f is continuous from the right at . Hence f must be continuous everywhere on [, ∞). A modulus may be unbounded or bounded. For example, f (x) = x p where  < p ≤ , is unbounded, but f (x) = In the year , Aizpuru et al.
[] defined a new concept of density with the help of an unbounded modulus function and, as a consequence, they obtained a new concept of nonmatrix convergence which is intermediate between the ordinary convergence and the statistical convergence, and agrees with the statistical convergence when the modulus function is the identity mapping.
Quite recently, Bhardwaj et al. [] have introduced and studied a new concept of f -statistical boundedness by using the approach of Aizpuru et al. [] . It is shown that the concept of f -statistical boundedness is intermediate between the ordinary boundedness and the statistical boundedness. It is also proved that bounded sequences are precisely those sequences which are f -statistically bounded for every unbounded modulus f .
We now recall some definitions that will be needed in the sequel.
Definition . []
Let f be an unbounded modulus function. The f -density of a set A ⊂ N is defined by
in case this limit exists.
Remark . The concept of f -density reduces to that of natural density when f (x) = x. In case of natural density, it is well known that
For example, if we take f (x) = log (x + ) and
However, in case of f -density, we can assert
As in the case of natural density, finite sets also have zero f -density and so for any finite set A, 
and we write it as S f -lim x k = l. The set of all f -statistically convergent sequences is denoted by S f .
In view of Definition . and Remark ., it follows that every f -statistically convergent sequence is statistically convergent, but a statistically convergent sequence need not be f -statistically convergent for every unbounded modulus f . 
Definition . []
Let α be any real number such that  < α ≤ . The α-density of a set A ⊂ N is defined by
in case this limit exists. Note that α-density of any set reduces to its natural density in case α = . As we have earlier seen, the relation d(A) + d(N -A) =  is no longer true if we replace natural density by f -density, same is the case if natural density is replaced by α-density for α ∈ (, ). Moreover, as in the case of f -density, α-density of finite sets is also zero.
Remark . If
A has zero α-density for some α ∈ (, ], then it has zero natural density. But converse need not be true, in the sense that a set having zero natural density may have non-zero α-density for some α ∈ (, ). For example, if we take
and we write it as S α -lim x k = l. The set of all statistically convergent sequences of order α is denoted by S α . In case α = , the statistical convergence of order α reduces to the statistical convergence.
Throughout this paper s, l ∞ and c will denote the space of all, bounded and convergent sequences of complex numbers, respectively, and C will denote the set of all complex numbers. Moreover, we shall be concerned only with the sequences of scalars.
Spaces of strongly summable sequences were discussed by Kuttner In this paper, we first extend the notion of α-density to that of f α -density in the same way as natural density was extended to f -density by Aizpuru et al. [] and then introduce a new and more general nonmatrix summability method, namely f -statistical convergence of order α, where f is an unbounded modulus function and α is a real number such that  < α ≤ . The set of all f -statistically convergent sequences of order α is denoted by S f α . In the second section, we establish inclusion relations among the set of all f -statistically convergent sequences of order α for different values of α and, in particular, we get an inclusion relation between the set of f -statistically convergent sequences of order α and the set of f -statistically convergent sequences. We also study inclusion relations between the newly introduced space S f α and the already existing spaces S α and S. In the third section, we extend the notion of strong Cesàro summability of order α to that of strong Cesàro summability of order α (α > ) with respect to a modulus f , in the same way as the notion of strong Cesàro summability was extended to that of strong Cesàro summability with respect to a modulus f by Maddox [] and, consequently, we obtain the sequence spaces w Definition . Let f be an unbounded modulus function and α be any real number such that  < α ≤ . We define the f α -density of the subset A of N by
f {k ≤ n : k ∈ A} in case this limit exists, where |{k ≤ n : k ∈ A}| denotes the number of elements of A not exceeding n.
Remark . For α =  and f (x) = x, the f α -density reduces to the natural density and when α = , f α -density becomes the f -density. In case f (x) = x, f α -density is the α-density.
where α ∈ (, ] and f is any unbounded modulus. For example, if we take f (x) = x p ,  < p ≤ , α ∈ (, ) and
As expected, finite sets have zero f α -density for any unbounded modulus f and α ∈ (, ].
Remark . For any unbounded modulus f and α ∈ (, ], if d
f α (A) =  then, by the definition of limit and the fact that f being modulus is subadditive, for every p ∈ N, there exists n o ∈ N such that for n ≥ n o we have
and since f is increasing, we have
In view of Remark . and Remark ., we have the following.
Remark . If
A ⊂ N has zero f α -density for some unbounded modulus f and for some α ∈ (, ], then it has zero α-density and hence zero natural density.
Remark . Converse of Remark . need not be true in the sense that a set having zero α-density for some α ∈ (, ] may have non-zero f α -density for some unbounded modulus f with the same α. Similarly, a set having zero natural density may have non-zero f α -density for some unbounded modulus f and α ∈ (, ]. This can be verified by the following example. 
Lemma . For any unbounded modulus f and A
Thus, for any unbounded modulus f and  < α ≤ β ≤ , if A has zero f α -density then it has zero f β -density. In particular, a set having zero f α -density for some α ∈ (, ] has zero f -density. However, the converse is not true as the following example demonstrates.
Example . Let f (x) = x
p , where  < p ≤  and A = {, , , . . .}. It is easy to see that
and hence, taking limit as n → ∞ on both sides, we get d
We now introduce a new concept of f -statistical convergence of order α as follows.
Definition . Let f be an unbounded modulus and  <
In this case, we write S exists. Let x = (x k ) be a sequence defined as follows:
. Example . Consider the sequence x = (x k ) defined by
, ] although it is not convergent. Proof The inclusion follows readily in view of the fact that f is increasing and  < α ≤ β ≤ . To show that the strict inclusion may occur, consider the sequence x = (x k ) defined by
Theorem . Let f be an unbounded modulus and
. Proof To show that the strict inclusion may occur, consider the sequence x = (x k ) defined as follows:
To summarize, the overall picture regarding inclusions among the already existing spaces c, S, S α , S f and the newly introduced space S f α is as shown below:
Strong Cesàro summability of order α with respect to a modulus
We begin this section by introducing the generalizations of the spaces of strongly Cesàro summable sequences of order α.
Definition . Let f be a modulus and α be a positive real number. We define
Some well-known spaces are obtained by specializing f and α. 4 Relation between f -statistical convergence of order α and strong Cesàro summability of order α with respect to a modulus
It was shown by Çolak [] that for α ∈ (, ], if a sequence is strongly Cesàro summable of order α to l, then it is statistically convergent of order α to l. We now wish to find some condition on f , if any, so that strong Cesàro summability of order α with respect to a modulus f to l of a sequence implies its f -statistical convergence of order α to l. We also wish to obtain some condition on f , if any, under which strong Cesàro summability of order α with respect to a modulus f to l of a sequence implies its statistical convergence of order α to l. Maddox [] showed the existence of an unbounded modulus f for which there exists a positive constant c such that f (xy) ≥ cf (x)f (y) for all x ≥ , y ≥ . Using this we have the following. 
From where, using the fact that lim t→∞ f (t) t >  and x ∈ w f α , it follows that x ∈ S f β and the proof is complete.
If we take β = α in Theorem ., we have the following. If we take α =  in Corollary ., then we have the following.
